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Abstract In phase ﬁeld fracture models the value of the order parameter distin-
guishes between broken and undamaged material. At crack faces the order param-
eter interpolates smoothly between these two states of the material, which can be
regarded as phases. The crack evolution follows implicitly from the time inte-
gration of an evolution equation of the order parameter, which is coupled to the
mechanical ﬁeld equations. Among other phenomena phase ﬁeld fracture mod-
els are able to reproduce crack nucleation in initially sound materials. For a 1D
setting it has been shown that crack nucleation is triggered by the loss of stability
of the unfractured, spatially homogeneous solution, and that the stability point
depends on the size of the considered structure. This work numerically investi-
gates to which extend size effects are reproduced by the 2D phase ﬁeld model.
Exemplarily, a ﬁnite element study of the hole size effect is performed and the
simulation results are compared to experimental data.
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Keywords phase ﬁeld model, fracture mechanics, size effects, stability, ﬁnite element
method
Introduction For a reliable prediction of the integrity of a structural component, a fracture
model must be able to predict not only the evolution of pre-existing cracks, but also the nucleation
of new cracks in initially undamaged material. The phase ﬁeld method provides a powerful tool,
which allows for modeling the entire crack evolution within a uniﬁed framework. There are sev-
eral phase ﬁeld fracture models in the literature.1–5 In all of these models a scalar phase ﬁeld order
parameter indicates the state of the material and interpolates continuously between broken and un-
damaged material. The width of the transition zone is controlled by a length scale parameter ξ ,
which should be chosen sufﬁciently small compared to the size of the considered structure in or-
der to obtain reasonable results. Fracture is addressed as a phase transition process of the order
parameter, which evolves according to an energetically driven evolution equation. Fracture evo-
lutions obtained from phase ﬁeld models cover a wide range of phenomena, which are observed
in fracture experiments, including the nucleation of new cracks in initially undamaged material.
Besides the modeling capabilities of the phase ﬁeld method, this approach is very advanta-
geous for a discretization by ﬁnite elements because the diffuse phase ﬁeld cracks are not accom-
panied by discontinuous jumps in the displacement ﬁeld. Thus, phase ﬁeld fracture models are
a)Corresponding author. Email: chankuhn@rhr.kuni-kl.de.
b)Email: ram@rhrk.uni-kl.de.
051008-2 C. Kuhn, R. Mu¨ller Theor. Appl. Mech. Lett. 4, 051008 (2014)
readily amenable to a ﬁnite element discretization with standard shape functions. Furthermore,
no remeshing techniques are necessary in order to simulate crack propagation.
Particularly interesting in the context of crack nucleation is the fact that a critical stress for the
nucleation of new cracks is typically not included in the set of parameters of phase ﬁeld fracture
models. Some recent publications analyze the stability of crack free solutions of the phase ﬁeld
equations in one dimension. It is found that a fracture strength below which the homogeneous
solution is stable can be deﬁned from the material parameters included in the phase ﬁeld fracture
model, and that size effects rule the stability of the crack free homogeneous solution beyond this
point.6
This contribution investigates to which extend these results are applicable in the context of
the modeling and simulation of hole size effects in a 2D setting. To this end the deﬁnition of the
fracture strength of the phase ﬁeld model is generalized to 2D problems and numerical simulation
results are compared to experimental data.7
Phase ﬁeld formulation The phase ﬁeld fracture model considered in this work is based
on the energy density functional ψ(ε ,s) = (1/2)(s2 + η)ε : Cε +Gc[(1− s)2/(4ξ ) + ξ |∇s|2],
that was introduced by Bourdin et al.8 as regularization of a Grifﬁth type fracture energy. For a
vanishing length scale ξ the model implies the classical Grifﬁth criterion of linear elastic fracture
mechanics. In the small strain regime the energy functional is a function of the inﬁnitesimal
strain tensor ε , the phase ﬁeld order parameter s, which has the value 1 where the material is
undamaged and 0 at locations of fracture, and the gradient ∇s. The elastic material properties are
given in the elastic stiffness tensor C. A small residual stiffness η  1 is introduced in order to
avoid numerical difﬁculties caused by a vanishing stiffness in broken regions. The set of coupled
ﬁeld equations which has to be solved is formed by the balance equation for the Cauchy stress
tensor σ satisfying divσ = 0 with σ = (s2 +η)Cε and the evolution equation of the fracture
ﬁeld s having s˙ = −Mδψ/δ s = −M{sε :Cε −Gc[2ξΔs+(1− s)/(2ξ )]}. Herein the symbol Δ
denotes the Laplace operator, and the scalar positive kinetic coefﬁcient M controls the mobility
of the phase transition process. If M is chosen sufﬁciently large, the viscous evolution equation
approximates the quasi-static limit case where the variational derivative vanishes, i.e., δψ/δ s= 0.
Deﬁnition of the fracture strength For a 1D bar under strain loading, it can be shown that the
spatially homogeneous crack free solution of the phase ﬁeld equations is stable below a certain
load level. At this load level, the stress response reaches a peak value, which depends on the
elastic stiffness E, the cracking resistance Gc, and the length scale ξ of the phase ﬁeld fracture
model. Beyond this point the stability of the homogeneous solution depends on the size of the
considered sample. This size effect is especially important if the length of the considered bar is in
the order of the model inherent length scale ξ . For long bars (compared to ξ ) the size effect is less
signiﬁcant and the stability point almost coincides with the peak stress loading.6 Together with the
fact that the peak stress can be computed solely from the material parameters of the phase ﬁeld
model independent of the size of the considered sample, these ﬁndings motivate the deﬁnition
of the fracture strength σc of the phase ﬁeld fracture model as the maximal stress response of a
spatially homogeneous solution.
Analytical solutions of non-homogeneous 2D problems are generally not available, and thus,
the analytically exact stability point is unknown. However, based on the results for the 1D case,
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estimates for the fracture strength σc of the 2D model can be derived from the peak stress of spa-
tially homogeneous 2D scenarios.9 Depending on the assumed boundary conditions perpendicular
to the loading direction, this yields
σc =
9
16
(
2μκiGc
6ξ
)0.5
with κi =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
2λ +2μ
λ +2μ
for i= 1 zero stress boundany condition,
λ +2μ
2μ
for i= 2 zero strain boundany condition,
(1)
where λ and μ are the elastic Lame´ constants. As observed in the 1D case, this deﬁnition of the
fracture strength is independent of the size of the considered sample and can be interpreted as a
material parameter. The equation does not only provide a deﬁnition of the fracture strength σc but
also relates the regularization length ξ to the experimentally measurable data λ , μ , Gc, and σc.
Simulation of size effects Beyond the strain load with the maximal stress response, the sta-
bility of the 1D crack free homogeneous solution is ruled by size effects.6 In order to investigate
to which extend this also applies in 2D scenarios, simulation results with the phase ﬁeld model
are compared to experimental data.7 In the experiments polymethyl metacrylate (PMMA) spec-
imen with different hole sizes (radii of 0.3 mm, 0.6 mm, 1.0 mm, and 1.5 mm) were subjected
to a linear increasing displacement load u∗(t) as sketched in Fig. 1. With the material data7
λ = 1240.8 N/mm2, μ = 1102.9 N/mm2, Gc = 0.29 N/mm, and σc = 72 N/mm2, Eq. (1) for the
fracture strength of the 2D phase ﬁeld model yields ξ1 = 8.85 μm or ξ2 = 10.17 μm for the length
parameter ξ . For the numerical simulation, the structure is discretized with 16 120 quadrilateral
elements with bilinear shape functions. Symmetry constraints are applied along the y-axis. In
the vicinity of the hole the mesh is reﬁned to an edge length of about h = 0.5ξi depending on the
length parameter which has to be resolved in the simulations. The plot in Fig. 2 shows the nor-
malized peak remote stress σ∞/σc at the displacement load boundary. The triangular and square
markers refer to the values obtained from phase ﬁeld simulations with ξ = ξ1 and ξ = ξ2, re-
spectively. The values are compared to the experimental data7 (solid diamonds) and to simulation
results using Leguillon’s criterion.10 The phase ﬁeld fracture model, as well as Leguillon’s crite-
rion both model the size effect to a certain extend, i.e., the fracture stress decreases if the hole size
is increased. However, in comparison with the experiments both criteria underestimate the actual
effective strength of the material that has been observed in the experiments.
Conclusions When simulating crack nucleation with a phase ﬁeld model for fracture, the
length parameter ξ of the model may not only be interpreted as a regularizing quantity which
merely controls the width of the diffuse phase ﬁeld cracks. Instead, in conjunction with the other
material parameters, it deﬁnes the fracture strength of the phase ﬁeld model, which is not a priori
included in the set of parameters. Or — the other way around — the elastic properties λ and μ ,
the cracking resistance Gc, and the fracture strength σc deﬁne the length scale ξ . The simulation
results show that the phase ﬁeld model is able to reproduce size effects to a certain extend. As it
is observed for several other established two parameter fracture criteria,7 the phase ﬁeld fracture
model tends to underestimate the size dependency which is observed in experiments. A reason for
this behavior may be found in the importance of defects, which are not considered in the model as
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Fig. 1. Specimen geometry and simulation
domain.
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Fig. 2. Comparison of fracture stresses for
the phase ﬁeld model with ξ1 (triangles) ξ2
(squares), Leguillon’s criterion (circles), and ex-
perimental data (black diamonds).
the sample size decreases. In addition 3D effects may play a different role for varying specimen
sizes.
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